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Characteristics of Time-Optimal Commands for
Flexible Structures with Limited Fuel Usage

Mark A. Lau and Lucy Y. Pao
University of Colorado, Boulder, Colorado 80309-0425

A mathematical justi� cation is provided for time-optimal and fuel-ef� cient controllers based on analysis of the
switching function for the control. That some symmetry properties of time-optimal commands, which are known
to hold for undamped � exible structures, remain valid in the presence of fuel constraints is demonstrated. These
properties, however, do not hold for robust time-optimal commands with speci� ed fuel.

Introduction

C ONTROL of � exible structures has been extensively investi-
gated by many researchers in the last decade because a grow-

ing numberof applicationsinvolvevery lightweight structures.1;2 In
general, systems are required to meet certain performance criteria.
For instance, one possible criterion is the minimum time required
for completing a transfer of the system from one state to another
state. This constitutes a typical time-optimal problem that pertains
to the realm of optimal control theory.The foundationsof the theory
are well establishedby now and an introduction to this � eld may be
found in Ref. 3.

Control strategiesbasedexclusivelyon rigid-bodydynamicsmay
not be suitable for adequate performance if the effects of elastic
modes are appreciable. Consideration of these effects becomes an
integral part for the understanding of system behavior and control
design.Early work on time-optimal control of � exible structures4¡6

shows that the resulting optimal bang–bang commands satisfy cer-
tain symmetry properties when the structures have no damping.
Robust time-optimal designs obtained from additional derivative
constraints7;8 can signi� cantly improve the insensitivity to parame-
ter variations.Theeffectsof dampingon time-optimalcommands9;10

have also been recently investigated.
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Incorporating fuel expenditure as a design factor alters the ar-
ray of possibilities for feasible controllers.A modi� ed performance
criterion11 can be used to balance speed of transfer and fuel con-
sumption by simply adjusting a design parameter. Fuel-ef� cient
shaped command pro� les12 and speci� ed fuel usage13 can signif-
icantly save fuel compared to time-optimal commands without fuel
limits.

This paper presents a mathematical justi� cation for the occur-
rence of the command pro� les assumed in Refs. 12 and 13 based on
Pontryagin’s minimum principle.3 In contrast, in this work, the dif-
ferent commandpro� les that arise in the time-optimalwith speci� ed
fuel problemare derived from the analysisof the switching function
and not by insights gained from an input shaping interpretation.12;13

The paper is organized as follows. We � rst formulate the time-
optimal problem with speci� ed fuel for a certain class of systems,
and we then apply this theory to the analysis of � exible structures.
Subsequently, we extend some known properties of the optimal
commands for undamped � exible structures in the presence of fuel
constraints. Robustness issues, a procedure for designing robust
time-optimal commands with speci� ed fuel and the nonexistence
of symmetry in these robust commands are also discussed. Finally,
we present concluding remarks.
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Problem Formulation
In this section, we review the formulation of the time-optimal

control problem subject to fuel limitations.3 Let us denote the state
of an nth-order system at time t by the n vector x.t/ and assume
that the state equations of the system are of the form

Px.t/ D a[x.t/; t ] C B[x.t/; t ]u.t/ (1)

where a is an n-vector function of the state and time, B is an n £ m
matrix that may be explicitly dependenton the state and time, and u
is an m-control vector. The controls u are to drive the system from
some initial state x0 to the origin in minimum time. That is, the
performance measure to be minimized is

J .u/ D
Z t f

t0

dt D t f ¡ t0 (2)

and the admissible controls are to satisfy the saturation constraint

ju i .t/j · Umax i ; i D 1; : : : ; m (3)

and fuel constraint

Z t f

t0

"
mX

i D 1

jui .t/j

#
dt · S (4)

where S represents the fuel available. If S is so large that the time-
optimal control without fuel constraintdoes not cause all of the fuel
to be consumed,then there is no fuel limitationconstraintrequired.If
the time-optimal control without fuel limitation requires an amount
of fuel that exceeds S, then the fuel limitationmust be included,and
the time-optimal control subject to fuel limitation is such that all of
the fuel is consumed. In this case, the inequality in Eq. (4) can be
replaced with the equality constraint (speci� ed fuel constraint),

Z t f

t0

"
mX

i D 1

ju i .t/j

#
dt D S (5)

We wish to formulate the statedproblemas a canonicaltime-optimal
problem using Pontryagin’s minimum principle.3 To that end, we
de� ne a new variable

z.t/ D
Z t

t0

"
mX

i D 1

ju i .¿ /j

#

d¿ ¡ S (6)

and, therefore,

Pz.t/ D
mX

i D 1

ju i .t/j (7)

where theboundaryconditionsfor z.t/ are z.t0/ D ¡S and z.t f / D 0,
respectively.Equation(7) canbe appendedto theoriginalsystem(1),
and then we have an augmented system in the canonical form of a
time-optimalproblembecausetheonlyconstraintremainingis given
by Eq. (3).

Let us call p(t ) and pz.t/ the Lagrange multipliers of the original
system (1) and the augmented state z.t/, respectively. Then, the
Hamiltonian is

H[x.t/; u.t/; p.t/; pz.t/; t ] D 1 C pT .t/fa[x.t/; t ]

C B[x.t/; t]u.t/g C pz.t/

"
mX

i D 1

ju i .t/j

#
(8)

That pz.t/ is a constant follows readily because the Hamiltonian
does not depend explicitly on z. Thus, in the following we will just
write pz . The Hamiltonian for the augmented system is identical
to the one de� ned for a fuel/time-optimal problem where pz > 0
represents the relative weight of the fuel consumed in the cost
functional.11;13

From Pontryagin’s minimum principle,

1 C p¤T .t/fa[x¤.t/; t ] C B[x¤.t/; t ]u¤.t/g C p¤
z

"
mX

i D 1

­­u¤
i .t/

­­
#

· 1 C p¤T .t/fa[x¤.t/; t ] C B[x¤.t/; t ]u.t/g

C p¤
z

"
mX

i D 1

jui .t/j

#
(9)

where the asterisk denotesoptimal quantities for all admissibleu(t )
and for all t 2 [t0; t f ]. The preceding equation implies

p¤T .t/B[x¤.t/; t ]u¤.t/ C p¤
z

"
mX

i D 1

­­u¤
i .t/

­­
#

· p¤T .t/B[x¤.t/; t]u.t/ C p¤
z

"
mX

i D 1

jui .t/j

#
(10)

If we express the matrix B in terms of its columns bi [x¤.t/; t ],
i D 1; : : : ; m, then the coef� cient of the i th control componentui .t/
is p¤T .t/bi [x¤.t/; t ], and we can rewrite Eq. (10) as

mX

i D 1

©
p¤T .t/bi [x¤.t/; t]u¤

i .t/ C p¤
z

­­u¤
i .t/

­­ª

·
mX

i D 1

©
p¤T .t/bi [x¤.t/; t ]u i .t/ C p¤

z ju i .t/j
ª

(11)

If the control components are independent of one another, we then
must minimize

p¤T .t/bi [x¤.t/; t ]ui .t/ C p¤
z jui .t/j (12)

and from the de� nition of absolute value, we have

p¤T .t/bi [x¤.t/; t ]u i .t/ C p¤
z ju i .t/j

D

(©
p¤T .t/bi [x¤.t/; t ] C p¤

z

ª
ui .t/; u i .t/ ¸ 0

©
p¤T .t/bi [x¤.t/; t ] ¡ p¤

z

ª
ui .t/; u i .t/ · 0 (13)

Hence, the optimal control is given by

u¤
i .t/ D

8
>>>>>>>><

>>>>>>>>:

Umaxi ; for p¤T .t/bi [x¤.t/; t ] < ¡pz

0; for ¡pz < p¤T .t/bi [x¤.t/; t] < pz

¡Umaxi ; for pz < p¤T .t/bi [x¤.t/; t ]

an undetermined nonnegativevalue
if p¤T .t/bi [x¤.t/; t ] D ¡pz

an undetermined nonpositive value
if p¤T .t/bi [x¤.t/; t ] D pz (14)

similar to the bang–off-bangpatternsobtainedin fuel-optimalprob-
lems. In a fuel-optimal problem, pz D §1, whereas in the time-
optimal with fuel limitation problem, pz is any scalar.

Flexible Structures
Consider a one-bending-mode� exible structure modeled by

Px.t/ D Ax.t/ C bu.t/ (15)

where

A D

2

664

0 1 0 0

0 0 0 0

0 0 0 1

0 0 ¡!2 ¡2³!

3

775 ; b D

2

664

0

1

0

b1

3

775

x D

2

664

x1

x2

x3

x4

3

775 D

2

664

rigid body position

rigid body velocity

modal position

modal velocity

3

775
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where ! is the structural frequency, ³ is the damping ratio of the
� exible mode, and b1 6D 0.

The time-optimal control for rest-to-rest motion is to � nd the
scalar control u.t/ subject to the constraints (actuator limits)

ju.t/j · U0

and (speci� ed fuel)

Z t f

0

ju.t/j dt D S

so that the motion of the system is transferred from an initial rest
state x.0/ D [x10 0 0 0]T to the origin x.t f / D [0 0 0 0]T while
the maneuver time t f is minimized.

We form the Hamiltonian of the augmented system,

H.x; u; p; pz/ D 1 C p1x2 C p2u C p3x4

C p4

¡
¡!2x3 ¡ 2³!x4 C b1u

¢
C pz juj

and obtain the costate equations

p1.t/ D p10

p2.t/ D ¡p10t C p20

p3.t/ D exp.³ !t/

!d

©
p30[!d cos.!d t/ ¡ ³! sin.!d t/]

C p40!
2 sin.!d t/

ª

p4.t/ D exp.³ !t/

!d
f¡ p30 sin.!d t/ C p40[!d cos.!d t/

C ³! sin.!d t/]g

pz.t/ D pz

where !d D !
p

.1 ¡ ³ 2/.0 · ³ < 1/, for some constants p10 , p20,
p30, p40 , and pz . Therefore, the switching function has the form

pT .t/b D c1 C c2t C exp.³ !t/[c3 sin.!d t/ C c4 cos.!d t/] (16)

where

c1 D p20; c2 D ¡p10

c3 D b1.¡p30 C ³!p40/=!d ; c4 D b1 p40

The switching function given in Eq. (16) is a modulated wave con-
tained in an exponential envelope, that is,

exp.³ !t/[c3 sin.!d t/ C c4 cos.!d t/]

and symmetric about the line c1 C c2t. The intersection of the hor-
izontal lines pz.t/ D pz.pz > 0/ and ¡pz with the curve given by
Eq. (16) indicates multiple crossings over a � nite interval of time.
Examination of the orientation of the envelope and the crossings of
the wave with the horizontal lines show that, of all of the possible
optimal command pro� les, the ones that lead to optimal controls
u¤.t/ exhibit regular patterns and have either one of two forms,
which we shall denote case I and case II (as shown in Fig. 1).

Case I
Here

u¤.t/ D ®U0

mX

k D 0

£
.¡1/k1.t ¡ t2k / C .¡1/k C 11.t ¡ t2k C 1/

¤
(17)

where m is the number of sign reversals of the control, that is, from
CU0 to ¡U0 and vice versa, ignoring the off periods, ® is the initial
sign of the control, and 1.t ¡ ti / denotes a unit step input applied
at time ti . The control given by Eq. (17) suggests that the optimal

Case I with m = 5 Case II with m = 2 and n = 2

Fig. 1 Typical control pro� le patterns.

control with fuel constraint introduces off periods at the locations
where a switch normally occurs in a bang–bang command without
fuel constraint.

Solving Eq. (15) with the control in Eq. (17), we get the state
equations for t ¸ t f ,

x1.t/ D x10 C x20t

C ®U0

2

(
mX

k D 0

£
.¡1/k .t ¡ t2k /2 C .¡1/k C 1.t ¡ t2k C 1/

2
¤
)

x2.t/ D x20 C ®U0

(
mX

k D 0

£
.¡1/k .t ¡ t2k / C .¡1/k C 1.t ¡ t2k C 1/

¤
)

x3.t/ D exp.¡³!t/

!d
fx30[!d cos.!d t/ C ³! sin.!d t/]

C x40 sin.!d t/g C ®b1U0

!2

(
mX

k D 0

µ
.¡1/k

£
³

1 ¡ exp[¡³!.t ¡ t2k /]

!d
f!d cos[!d.t ¡ t2k/]

C ³! sin[!d .t ¡ t2k/]g
´

C .¡1/k C 1

£
³

1 ¡ exp[¡³!.t ¡ t2k C 1/]

!d
f!d cos[!d.t ¡ t2k C 1/]

C ³! sin[!d .t ¡ t2k C 1/]g
´¶)

x4.t/ D
exp.¡³!t/

!d

©
¡x30!2 sin.!d t/ C x40[!d cos.!d t/

¡ ³! sin.!d t/]
ª

C ®b1U0

!d

³
mX

k D 0

©
.¡1/k exp[¡³!.t ¡ t2k /]

£ sin[!d.t ¡ t2k/] C .¡1/k C 1 exp[¡³!.t ¡ t2k C 1/]

£ sin[!d.t ¡ t2k C 1/]
ª
´

z.t/ D U0

2mX

k D 0

.¡1/k tk C 1 ¡ S (18)

where we denote t f D t2m C 1 and assume, without loss of generality,
that t0 D 0.
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For rest-to-rest motion we set x.0/ D [¡L 0 0 0]T and x.t f / D
[0 0 0 0]T along with z.0/ D ¡S and z.t f / D 0 in Eq. (18) to get

x1.t f / D ¡L C ®U0

2

(
mX

k D 0

£
.¡1/k .t f ¡ t2k/

2

C .¡1/k C 1.t f ¡ t2k C 1/
2
¤
)

D 0

x2.t f / D ®U0

(
mX

k D 0

h
.¡1/k .t f ¡ t2k /

C .¡1/k C 1.t f ¡ t2k C 1/
¤
)

D 0

x3.t f / D
®b1U0

!2

(
mX

k D 0

µ
.¡1/k

³
1 ¡

exp[¡³!.t f ¡ t2k /]

!d

£ f!d cos[!d .t f ¡ t2k /] C ³! sin[!d.t f ¡ t2k/]g
´

C .¡1/k C 1

³
1 ¡

exp[¡³!.t f ¡ t2k C 1/]

!d

£ f!d cos[!d .t f ¡ t2k C 1/] C ³! sin[!d.t f ¡ t2k C 1/]g
´¶)

D 0

x4.t f / D ®b1U0

!d

³
mX

k D 0

©
.¡1/k exp[¡³!.t f ¡ t2k/]

£ sin[!d.t f ¡ t2k /] C .¡1/k C 1 exp[¡³!.t f ¡ t2k C 1/]

£ sin[!d.t f ¡ t2k C 1/]
ª
´

D 0

z.t f / D U0

2mX

k D 0

.¡1/k tk C 1 ¡ S D 0 (19)

which can be further simpli� ed to obtain the following constraints
on the switching times:

mX

k D 0

£
.¡1/k t 2

2k C .¡1/k C 1t2
2k C 1

¤
D 2L

®U0

mX

k D 0

£
.¡1/k C 1t2k C .¡1/k t2k C 1

¤
D 0

mX

k D 0

£
.¡1/k exp.³ !t2k / cos.!d t2k/

C .¡1/k C 1 exp.³ !t2k C 1/ cos.!d t2k C 1/
¤

D 0

mX

k D 0

£
.¡1/k exp.³ !t2k / sin.!d t2k /

C .¡1/k C 1 exp.³ !t2k C 1/ sin.!d t2k C 1/
¤

D 0

U0

2mX

k D 0

.¡1/k tk C 1 D S (20)

In summary, we have formulated the original optimal control prob-
lem as a parameter optimization problem. That is, we want to min-
imize t f .or t2m C 1/ subject to the constraints in Eq. (20).

Case II
Here

u¤.t/ D ®U0

"
2m ¡ 1X

k D 0

.¡1/k 1.t ¡ tk / C
2m C 2n ¡ 1X

k D 2m

.¡1/k C 11.t ¡ tk /

#

(21)

where the control given by Eq. (21) consists of a sequence of m
pulsesof one sign followedby a sequenceof n pulsesof the opposite
sign.

Solving Eq. (15) with the control in Eq. (21), we get the state
equations for t ¸ t f ,

x1.t/ D x10 C x20t C ®U0

2

(
2m ¡ 1X

k D 0

.¡1/k .t ¡ tk /2

C
2m C 2n ¡ 1X

k D 2m

.¡1/k C 1.t ¡ tk/
2

)

x2.t/ D x20 C ®U0

(
2m ¡ 1X

k D 0

.¡1/k.t ¡ tk/

C
2m C 2n ¡ 1X

k D 2m

.¡1/k C 1.t ¡ tk/

)

x3.t/ D exp.¡³!t/

!d
fx30[!d cos.!d t/

C ³! sin.!d t/] C x40 sin.!d t/g C ®b1U0

!2

"
2m ¡ 1X

k D 0

.¡1/k

£
³

1 ¡ exp[¡³!.t ¡ tk/]

!d
f!d cos[!d .t ¡ tk/]

C ³! sin[!d .t ¡ tk /]g
´

C
2m C 2n ¡1X

k D 2m

.¡1/k C 1

£
³

1 ¡ exp[¡³!.t ¡ tk/]

!d

f!d cos[!d .t ¡ tk/]

C ³! sin[!d .t ¡ tk /]g
´#

x4.t/ D exp.¡³!t/

!d

©
¡x30!2 sin.!d t/ C x40[!d cos.!d t/

¡ ³! sin.!d t/]
ª

C ®b1U0

!d

(
2m ¡ 1X

k D 0

.¡1/k exp[¡³!.t ¡ tk /]

£ sin[!d.t ¡ tk /] C
2m C 2n ¡ 1X

k D 2m

.¡1/k C 1 exp[¡³!.t ¡ tk /]

£ sin[!d.t ¡ tk /]

)

z.t/ D U0

2m C 2n ¡ 2X

k D 0

.¡1/k tk C 1 ¡ S (22)

where we denote t f D t2m C 2n ¡ 1 and again assume that t0 D 0.
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a) !model = 1, ³model = 0, and L = 10 b) !model = 1, ³model = 0.05, and L = 100

Fig. 2 Switching and maneuver times as a function of speci� ed fuel.

For rest-to-restmotion as de� ned in case I, we obtain

x1.t f / D ¡L C ®U0

2

(
2m ¡ 1X

k D 0

.¡1/k .t f ¡ tk /2

C
2m C 2n ¡ 1X

k D 2m

.¡1/k C 1.t f ¡ tk /2

)
D 0

x2.t f / D ®U0

(
2m ¡ 1X

k D 0

.¡1/k.t f ¡ tk/

C
2m C 2n ¡ 1X

k D 2m

.¡1/k C 1.t f ¡ tk /

)
D 0

x3.t f / D ®b1U0

!2

(
2m ¡ 1X

k D 0

.¡1/k

³
1 ¡

exp[¡³!.t f ¡ tk /]

!d

£ f!d cos[!d .t f ¡ tk/] C ³! sin[!d .t f ¡ tk/]g
´

C
2m C 2n ¡ 1X

k D 2m

.¡1/k C 1

³
1 ¡

exp[¡³!.t f ¡ tk/]

!d

£ f!d cos[!d .t f ¡ tk/] C ³! sin[!d .t f ¡ tk/]g
´)

D 0

x4.t f / D ®b1U0

!d

(
2m ¡ 1X

k D 0

.¡1/k exp[¡³!.t f ¡ tk /] sin[!d.t f ¡ tk /]

C
2m C 2n ¡ 1X

k D 2m

.¡1/k C 1 exp[¡³!.t f ¡ tk /] sin[!d.t f ¡ tk/]

)
D 0

z.t f / D U0

2m C 2n ¡ 2X

k D 0

.¡1/k tk C 1 ¡ S D 0 (23)

Again, simplifying the expressions,we can reformulate the problem
as the following constrained optimization problem: Minimize t f

subject to

2m ¡ 1X

k D 0

.¡1/k t2
k C

2m C 2n ¡ 1X

k D 2m

.¡1/k C 1t 2
k D

2L

®U0

2m ¡ 1X

k D 0

.¡1/k C 1tk C
2m C 2n ¡ 1X

k D 2m

.¡1/k tk D 0

2m ¡ 1X

k D 0

.¡1/kexp.³ !tk / cos.!d tk /

C
2m C 2n ¡ 1X

k D 2m

.¡1/k C 1exp.³ !tk / cos.!d tk / D 0

2m ¡ 1X

k D 0

.¡1/k exp.³ !tk / sin.!d tk /

C
2m C 2n ¡ 1X

k D 2m

.¡1/k C 1exp.³ !tk / sin.!d tk / D 0

U0

2m C 2n ¡ 2X

k D 0

.¡1/k tk C 1 D S (24)

The optimal switching and maneuver times shown in Fig. 2 corre-
spond to case I pro� les with three sign reversals (m D 3) and case II
pro� les with two positive pulses followed by two negative pulses
(m D 2, n D 2). In Fig. 2, after S D 20:4, the control pro� les be-
come time-optimal commands without fuel constraints, and t2 D t1,
t4 D t3 , t6 D t5 , and thus become bang–bang commands rather than
commands with coast periods. We also remark that case I pro� les
are more prevalent when the amount of fuel S is relatively close to
the amount required by a typical time-optimal bang–bang without
fuel constraint. Case II pro� les tend to occur as optimal commands
when the amount of fuel is relatively low compared to that of case I.

We observethat the speci� ed fuel formulationof the time-optimal
problem allows appreciable savings in fuel expenditure while in-
curring only a small penalty in maneuver time, especially in case I
pro� les. For example, in Fig. 2a, a 22% decrease in fuel (S goes
from 20.4 to 16) incurs a 0.6% increase in maneuver time (t f goes
from 20.4 to 20.52).

In Refs. 12 and 13, case I and case II pro� les are referred to
as nonfuel-ef�cient and fuel-ef� cient pro� les, respectively, due to
the amount of fuel required to perform a prescribed maneuver. The
pro� les discussed in Refs. 12 and 13 are largely motivated by com-
mand shaping techniques that are ef� cient in terms of fuel expen-
diture, and the development of these pro� les is based on intuitive
ideas thatmodify typical time-optimalcommands(withoutfuel con-
straints) by introducing coast periods at various places during the
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Fig. 3 Optimal control u¤ and time response: !model = 1, ³model = 0,
L = 100, and S = 18.

control action. For obvious reasons, fuel-ef� cient pro� les are fa-
vored in Refs. 12 and 13. However, in the present work we have
provideda mathematical justi� cation for the existenceof both types
of pro� les and emphasize that savings in fuel is still viable in case I
pro� les while achieving near-optimal maneuver times.

Figure 3 shows typical control and state time histories. In the
example trajectory in Fig. 3, the position is slewed a distance of
L D 100 such that the actuator and fuel limits are not exceeded.
After the end of the maneuver, there is no residual vibration if the
system model is accurate.

The parameter optimization problems formulated in Eq. (20) or
Eq. (24), where the parameter t f is to be minimized, will provide
solutions that meet the necessary conditions imposed by the bound-
ary constraints. However, these nonlinear parameter optimization
problems are susceptible to local minima. A procedure for testing
the optimality of solutions may be found in Ref. 13.

Properties of Commands for Flexible Structures
In this section,we explore some propertiesof optimal commands

for rest-to-restmaneuversof undamped � exible structures.We con-
sider the following lumped parameter model for a � exible structure
with multiple � exible modes and a single actuator:

PQx.t/ D
2

666666666666664

0 1

0 0

0 1

¡!2
1 0

0 1

¡!2
2 0

: : :

0 1

¡!2
r 0

3

777777777777775

Qx.t/ C

2

666666666666664

0

1

0

b1

0

b2
:::

0

br

3

777777777777775

u.t/

(25)

with boundary conditions

Qx.0/ D [¡L 0 ¢ ¢ ¢ 0 0]T

Qx.t f / D [0 0 ¢ ¢ ¢ 0 0]T (26)

where r is the number of � exible modes and t f is the maneuver
time. In addition, we have the bounded control and speci� ed fuel
constraints given by

ju.t/j · U0; t 2 [0; t f ] (27)
Z t f

0

ju.t/j dt D S (28)

respectively.Let us de� ne a new variable z as

z.t/ D
Z t

0

ju.¿/j d¿ ¡ S

so that

Pz.t/ D ju.t/j (29)

If we aggregate the preceding equations in the variable z to the
original model (25) and (26), then the rest-to-rest motion of the
� exible structure with speci� ed fuel is described by the following
augmented model:

Px.t/ D

2

66666666666666664
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¡!2
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¡!2
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¡!2
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3

77777777777777775

x.t/
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0

b2
:::
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br

sgn[u.t/]

3

77777777777777775

u.t/ (30)

where x D [Qx z]T is the augmented state vector, along with the
boundary conditions

x.0/ D [¡L 0 ¢ ¢ ¢ 0 ¡S]T

x.t f / D [0 0 ¢ ¢ ¢ 0 0]T (31)

and subject to the constraint in Eq. (27).
A fewpropertiesof the time-optimalcontrolof undamped� exible

structuresas in Eq. (25) have been outlined and proven in Refs. 4–6
when there are no fuelconstraints.Here,we demonstratethat similar
properties hold even in the presence of the fuel constraint.

Theorem1:The time-optimalcontrol u¤.t/, t 2 [0; t¤
f ], thatdrives

the system(30)while satisfying(27)and (31) is antisymmetricabout
the midmaneuver time t¤

f =2, that is,

u¤.t/ D ¡u¤
¡
t f

¤ ¡ t
¢

(32)

Proofof Theorem1:This proof is an extensionof theoneprovided
in Ref. 4. Here we additionally account for fuel constraints. Let us
de� ne ¿ D t¤

f ¡ t. Hence,

¡ d
d¿

x.¿/ D d
dt

x.t/

and if we denote .d=d¿ /[¢] D [¢]0, Eq. (30) becomes

x 0
1.¿ / D ¡x2.¿/; x 0

2.¿ / D ¡u.¿ /

x 0k
3 .¿ / D ¡x k

4 .¿/; k D 1; : : : ; r

x 0k
4 .¿ / D !2

k x k
3 .¿/ ¡ bku.¿ /; k D 1; : : : ; r

z0.¿ / D ¡ju.¿ /j (33)

We have reformulated the original problem in terms of the new
independent variable ¿ . The problem now consists of � nding the
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optimal control u.¿ / bounded by Eq. (27), ¿ 2 [0; ¿ f ], that drives
Eq. (33) and satis� es the boundary conditions

x.¿ /j¿ D 0 D [0 0 ¢ ¢ ¢ 0 0]T

x.¿ /j¿ D ¿ f
D [¡L 0 ¢ ¢ ¢ 0 ¡S]T (34)

Let Ou.¿ /, ¿ 2 [0; O¿ f ], be the optimal control for Eqs. (33) and (34),
where O¿ f denotes the minimum value attained by ¿ f . Because
Eqs. (30) and (31) and (33) and (34) constitute the same problem,
we clearly have

O¿ f D t¤
f ; Ou[¿ .t/] D u¤.t/ (35)

If we make the change of variables in our original problem

Ox.t/ D x.t/ C [L 0 ¢ ¢ ¢ 0 S]T

the boundary conditions in Eq. (31) become those of Eq. (34) with
opposite sign, that is,

Ox.0/ D [0 0 ¢ ¢ ¢ 0 0]T ; Ox.t f / D [L 0 ¢ ¢ ¢ 0 S]T

(36)

BecauseEq. (30) is still thegoverningequationfor thenewly de� ned
state vector Ox, the time-optimal solution to this problem remains
u¤.t/, t 2 [0; t¤

f ], along with Eq. (27).
Comparing Eq. (30), with x replaced by Ox, and Eq. (33), we ob-

serve that they are essentially the same governing equations in the
independentvariables t and ¿ , respectively,with zero initial condi-
tions but with opposite signs for the terminal conditions [compare
Eqs. (36) and (34)]. By linearity, we conclude that the optimal con-
trols Ou.¢/ and u¤.¢/ have the same magnitude with opposite signs,
that is,

Ou[¿.t/] D ¡u¤[¿.t/]

and by Eq. (35)

u¤.t/ D ¡u¤[¿ .t/] D ¡u¤
¡
t¤

f ¡ t
¢

(37)

This proves the theorem.
Remark: From Theorem 1, two remarks follow:
1) The number of sign reversals m in Eq. (17) must be an odd

number for case I pro� les.
2) The number of pulses m and n in Eq. (21) must be equal for

case II pro� les.
We will use these remarks and the symmetry property stated in

Theorem 1 to establish the following result.
Lemma: For an undamped one-mode � exible system, of form

(15) with ³ D 0, with boundaryconditionsx.0/ D[¡L 0 0 0]T and
x.t f / D 0, the state at the midmaneuver time t f =2 is given by

x.t f =2/ D [¡L=2 x2.t f =2/ 0 x4.t f =2/]T (38)

where x2.t f =2/ and x4.t f =2/ are any real numbers, provided that
the driving control (17) [or Eq. (21)] satis� es the symmetry prop-
erty of Theorem 1. In addition, the fuel state z at midmaneuver is
z.t f =2/ D ¡S=2, where the boundaryconditionsare z.0/ D ¡S and
z.t f / D 0, provided that the control satis� es the symmetry property
of Theorem 1.

Proof of Lemma: We only outline the proof that corresponds to
case I, that is, control given by Eq. (17), and omit the detailed
algebraic manipulations.

We can use Eqs. (18) to compute the state at time t D t f =2. Al-
though Eqs. (18) were written for t ¸ t f , these equations are still
valid for t < t f if we consider the pulses of the control that are
relevant in the analysis. For the rigid body, at t D t f =2,

x2

³
t f

2
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k D 0

µ
.¡1/k

³
t f

2
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³
t f

2
¡ t2k C 1

¶́

which can be any real number, where the notation [m=2] denotes
the largest integer less than or equal to m=2. Also,

x1.t f / D ¡L C ®U0

[m=2]X
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implies that
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2

For the � exible mode, we have that

x3.t f / D ¡2 cos

³
!

t f

2

´
®b1U0

!2

[m=2]X

k D 0

»
.¡1/k cos

µ
!

³
t f

2
¡ t2k

´¶

C .¡1/k C 1 cos

µ
!

³
t f

2
¡ t2k C 1

´¶¼
D 0

and, hence,
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can be any real number.
Note that the fuel state at midmaneuver time, z.t f =2/ D ¡S=2,

follows readily from the symmetry property of Theorem 1.
Theorem 2: For the speci� ed fuel, time-optimal control of

Eqs. (30) and (31), along with Eq. (27), the numerical value of
the multiplier correspondingto the fuel state pz is equal to the aug-
mented switching function ¾ .t/ evaluated at t D t¤

f =2, that is,

¾
¡
t¤

f

¯
2
¢

D §pz (39)

where

¾ .t/ D pT .t/b § pz

and t¤
f is the optimal maneuver time.

Proof of Theorem 2: This is an extension of the proof in Ref. 11
to the case with fuel constraint. From the lemma, the rigid-body
position and the kth � exible mode position at midmaneuver time
t¤

f =2 are

x1

¡
t¤

f

¯
2
¢

D ¡L=2; xk
3

¡
t¤

f

¯
2
¢

D 0; k D 1; : : : ; r

respectively.
Now consider the optimal control problem

minimize

Z t f =2

0

dt or minimize
t f

2

with boundary conditions
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x.0/ D [¡L 0 0 ¢ ¢ ¢ 0 0 ¡S]T ; x.t f =2/ D
£
¡L=2 x2.t f =2/ 0 x1

4.t f =2/ 0 x2
4.t f =2/ ¢ ¢ ¢ 0 x r

4.t f =2/ ¡S=2
¤T

Because the position states x1.t f =2/ and x k
3 .t f =2/ are � xed, the

velocity states x2.t f =2/ and x k
4 .t f =2/ are free, and the fuel state

z.t f =2/ is � xed, the transversalityconditionrequires that the costate
vector be of the form

£
pT .t f =2/ pz

¤
D

£
p1.t f =2/ 0 p1

3.t f =2/ 0 p2
3.t f =2/ 0 ¢ ¢ ¢ pr

3.t f =2/ 0 pz

¤

Then the switching function for the augmented system evaluated at
midmaneuver time is
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and the result follows.
Remark: In a typical time-optimal problem (without fuel con-

straint), the optimal control is bang–bang and the symmetry prop-
erty implies that t D t¤

f =2 is a switching time and, hence, pz D 0
because ¾ .t¤

f =2/ D 0. If the speci� ed fuel S is less than the amount
of fuel required by a typical time-optimal maneuver, then pz 6D 0,
as it should be because t¤

f =2 is not a switching time, because the
optimal control now is of the bang–off-bang type with t¤

f =2 located
at the center of one of the off periods.

Robustness of Commands
In this section we investigate robustness issues concerning time-

optimalcommandswith speci� ed fuel.The time-optimalcommands
derived from the solutionsof the optimizationproblems (20) or (24)
will meet the desiredboundaryconstraintsfor a givenset of modeled
parameters, for example, ! D !0 and ³ D ³0. It is also clear that at
the end of the maneuver the same boundary constraints cannot be
met with the same control when there is a slight variation in the
modeled parameters as shown in Fig. 4.

For a range about the modeling parameters, the optimal com-
mands tend to be slightly more robust when the amount of fuel is
decreased, as one can infer from examination of the levels of the
weighted residual energy of the modal states (Fig. 5), where the
weighted residual energy is determined as6

Er D 1
2

rX

i D 1

!2
i

h¡
x i

3

¢2 C
¡
x i

4

¢2
i

(40)

evaluated at t D t f . Because reducing fuel consumption only in-
creases robustness a small amount and also causes the move time
t f to be increased slightly, it is desirable to have a design procedure
for deriving time-optimal commands that are robust to parameter
variationsand yet use a � xed amount of fuel. We also note that opti-
mal commands are less sensitive to variations in damping than they

are to variations in frequency (compare levels of weighted residual
energy in Figs. 5a and 5b).

Similar to the proceduresuggested in Refs. 7, 8, and 14, one way
to obtain more robust designs is to set the derivatives of the modal

states with respect to the modeling parameters equal to zero at the
end of the maneuver, that is,

@x3

@!

­­­­
t D t f

D 0;
@x4

@!

­­­­
t D t f

D 0 (41)

or

@x3

@³

­­­­
t D t f

D 0;
@x4

@³

­­­­
t D t f

D 0 (42)

and use the resultingequationsas additionalconstraints in Eqs. (20)
and (24). Note that Eqs. (41) and (42) lead to the same constraint
equations,and hence, robustnesswith respect to variations in ! will
also lead to robustness with respect to variations in ³ . Therefore,
robust time-optimal commands can be derived from the solutionsof
the following constrained optimization problems.

Fig. 4 Modal states under parameter variations; original system de-
signed for !model = 1, ³model = 0:05, L = 100, and S = 17. The perturbed
response is the result of parameter variations; here, !actual = 1:2.

a) Variations in frequency b) Variations in damping

Fig. 5 Sensitivity to parameter variations where modeled parameters
are !model = 1, ³model = 0:05, and L = 100.
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Case I
Minimize t f subject to
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Case II
Minimize t f subject to
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a) b)

Fig. 6 Switching and maneuver times as a function of speci� ed fuel for
robust designs: a) !model = 1, ³model = 0, and L = 100 and b) !model = 1,
³model = 0.05, and L = 100.

a) b)

Fig. 7 Sensitivity of robust time-optimal designs to parameter vari-
ations: a) variations in frequency when !model = 1, ³model = 0, L = 100,
and S = 20 and b) variations in damping when !model = 1, ³model = 0.05,
L = 100, and S = 20.

Figure 6 shows the robust time-optimaldesigns. In comparisonwith
the results in Fig. 2, we note that the robust designs involve more
switching times and incur a penalty in terms of maneuver times for
the range of fuel considered. For instance, in Fig. 6 the maneuver
times are approximately 9% longer than the non robust maneuver
times of Fig. 2, for example, t f increases from 20.52 to 22.46 for
S D 16. As mentioned before, case II pro� les are optimal when the
amount of fuel S is relatively low compared to that of case I pro� les
(as shown in Fig. 6a). Beyond a certain S, these robust designs
become bang–bang commands without coast periods.

We also remark that for undamped systems, the robust time-
optimal designs are not necessarily antisymmetric (see case I in
Fig. 6). In some instances, if the proper multipliers are zero, the
control pro� les may be antisymmetric (see case II in Fig. 6), but
this is not the case in general. This can be explicated from the con-
straints in Eqs. (43) or (44). These equations would correspond to
the time-optimalproblemof a � ctitious system with double poles at
the same location of the poles of the original system (15) (Ref. 8).
As a consequence, the costate equation will include terms of the
form t exp.³ !t/ cos.!d t/ and t exp.³ !t/ sin.!d t/ due to the re-
peatedpoles(eigenvalues). The presenceof these terms in thecostate
equation reveals that the intersectionof the switching curvewith the
horizontal lines at §pz may not occur at places that lead to antisym-
metric pro� les for undamped systems.

The sensitivitiesof these robustdesignsare presentedin Fig. 7. In
general,robustdesignsimprove insensitivityto parametervariations
aboutmodeled parameters,but may lead to larger errors if the actual
parameters are far from the modeled ones (Fig. 7a).

Conclusions
We have provided a mathematical justi� cation for time-optimal

commands with speci� ed fuel and applied this knowledge to the
control of � exible structures.Open-loop time-optimal controls sub-
ject to fuel constraints were obtained by solving a parameter opti-
mization problem. Symmetry properties of the optimal commands
for undamped � exible structures were established. We have also
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observed that time-optimal designs with fuel constraints are more
sensitiveto frequencyvariationsthan they are to dampingvariations,
and the sensitivity to parameter variations is reduced as the amount
of fuel is decreased. A robust time-optimal design procedure has
been discussed to utilize the total fuel at our disposal. These robust
time-optimal controls lead to better designs with a small penalty in
terms of maneuver times, but do not satisfy symmetry properties
even when there is no damping.
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