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Characteristics of Time-Optimal Commands for
Flexible Structures with Limited Fuel Usage

Mark A. Lau and Lucy Y. Pao
University of Colorado, Boulder, Colorado 80309-0425

A mathematical justification is provided for time-optimal and fuel-efficient controllers based on analysis of the
switching function for the control. That some symmetry properties of time-optimal commands, which are known
to hold for undamped flexible structures, remain valid in the presence of fuel constraints is demonstrated. These
properties, however, do not hold for robust time-optimal commands with specified fuel.

Introduction

ONTROL of flexible structures has been extensively investi-

gated by many researchers in the last decade because a grow-
ing number of applicationsinvolve very lightweight structures." In
general, systems are required to meet certain performance criteria.
For instance, one possible criterion is the minimum time required
for completing a transfer of the system from one state to another
state. This constitutes a typical time-optimal problem that pertains
to the realm of optimal control theory. The foundationsof the theory
are well established by now and an introductionto this field may be
found in Ref. 3.

Control strategiesbased exclusivelyon rigid-bodydynamics may
not be suitable for adequate performance if the effects of elastic
modes are appreciable. Consideration of these effects becomes an
integral part for the understanding of system behavior and control
design. Early work on time-optimal control of flexible structures*—°
shows that the resulting optimal bang-bang commands satisfy cer-
tain symmetry properties when the structures have no damping.
Robust time-optimal designs obtained from additional derivative
constraints’® can significantly improve the insensitivity to parame-
ter variations. The effectsof damping on time-optimal commands® '
have also been recently investigated.

Incorporating fuel expenditure as a design factor alters the ar-
ray of possibilities for feasible controllers. A modified performance
criterion'! can be used to balance speed of transfer and fuel con-
sumption by simply adjusting a design parameter. Fuel-efficient
shaped command profiles'? and specified fuel usage'® can signif-
icantly save fuel compared to time-optimal commands without fuel
limits.

This paper presents a mathematical justification for the occur-
rence of the command profiles assumed in Refs. 12 and 13 based on
Pontryagin’s minimum principle? In contrast, in this work, the dif-
ferentcommand profiles that arise in the time-optimal with specified
fuel problem are derived from the analysis of the switching function
and not by insights gained from an input shaping interpretation.!>!3
The paper is organized as follows. We first formulate the time-
optimal problem with specified fuel for a certain class of systems,
and we then apply this theory to the analysis of flexible structures.
Subsequently, we extend some known properties of the optimal
commands for undamped flexible structures in the presence of fuel
constraints. Robustness issues, a procedure for designing robust
time-optimal commands with specified fuel and the nonexistence
of symmetry in these robust commands are also discussed. Finally,
we present concluding remarks.
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Problem Formulation

In this section, we review the formulation of the time-optimal
control problem subject to fuel limitations > Let us denote the state
of an nth-order system at time ¢ by the n vector x() and assume
that the state equations of the system are of the form

x(1) = alx(1), 1] + Blx(1), t]u(?) D

where a is an n-vector function of the state and time, B is ann X m
matrix that may be explicitly dependenton the state and time, and u
is an m-control vector. The controls u are to drive the system from
some initial state x, to the origin in minimum time. That is, the
performance measure to be minimized is

Iy
J(u):/ dt =t, — 1 2)

and the admissible controls are to satisfy the saturation constraint

[u; ()] < Unay, i=1....m 3

If m
f [Zwtn} dr<s @)

and fuel constraint

i=1

where S represents the fuel available. If S is so large that the time-
optimal control without fuel constraintdoes not cause all of the fuel
tobe consumed, thenthereis no fuel limitation constraintrequired. If
the time-optimal control without fuel limitation requires an amount
of fuel that exceeds S, then the fuel limitation must be included, and
the time-optimal control subject to fuel limitation is such that all of
the fuel is consumed. In this case, the inequality in Eq. (4) can be
replaced with the equality constraint (specified fuel constraint),

[f m
f [Z |ui<t>|} dr =S (5)

i=1

We wish to formulate the stated problemas a canonical time-optimal
problem using Pontryagin’s minimum principle? To that end, we
define a new variable

20 =f [Zwi(rn} dr - § ©)

i=1

and, therefore,

(=D lu0)l ()

i=1

where the boundaryconditionsfor z(¢) are z(tp)) = —S and z(¢;) =0,
respectively.Equation(7) canbe appendedto the originalsystem (1),
and then we have an augmented system in the canonical form of a
time-optimal problembecause the only constraintremainingis given
by Eq. (3).

Let us call p(¢) and p_(t) the Lagrange multipliers of the original
system (1) and the augmented state z(¢), respectively. Then, the
Hamiltonian is

HIx(t), u(), p(t), p(), 1] = 1 +p’ (){alx(1), 1]

+BLx(1). u(n)} + pzm[z |ui<t>|} ®)

i=1

That p,(7) is a constant follows readily because the Hamiltonian
does not depend explicitly on z. Thus, in the following we will just
write p,. The Hamiltonian for the augmented system is identical
to the one defined for a fuel/time-optimal problem where p, >0
represents the relative weight of the fuel consumed in the cost
functional 13

From Pontryagin’s minimum principle,

1+ p (Ofalx” (). 1]+ BIx* (1), tlu* (0} + p [ > u?(r)l}

i=1

<1+p T () {alx* (1), 11+ Bx* (), t1u(t)}

+ pf:[z |ul-<t>|} ©)

i=1
where the asterisk denotes optimal quantities for all admissible zu(t)
and for all 7 € [y, 1¢]. The preceding equation implies

P (OB (1), 1l (1) + p [ > ujf(t)l}

i=1

< pT (OBIX (@), lu(t) + p; [ > |ui<t>|} (10)
i=1
If we express the matrix B in terms of its columns b;[x*(¢), 7],
i=1,...,m,thenthe coefficient of the ith control componentu; ()
is p*T (t)b; [x* (1), 1], and we can rewrite Eq. (10) as

m

> pT bl (). 1 () + p:lur )]}

i=1

< > P T b It (1), 1l (1) + pl ()] (1)
i=1
If the control components are independent of one another, we then
must minimize

P Obilx* (1), 1Tu; (1) + pllui (1)] (12)
and from the definition of absolute value, we have
P (Obi[x* (1), ui (1) + pllui (1))
{7 Obi1x* (1), 11+ prfui (),
{p*T Ob:x* (0, 1= ptfui o),

Hence, the optimal control is given by

u(t) =0

u (1) <0 (13)

Umax,w for p*T(t)bi [x*(t), t] < —p;
0, for  —p. <p" Obilx*(1), 1] < p:
_Umax,w for P: <P*T(t)bi[X*(f),f]

ui(t) =\ an undetermined nonnegative value
it p " (Obilx*(1), 1] = —p,
an undetermined nonpositive value
if p*"(O)b;[x*(1), 1] = p. (14)

similar to the bang-off-bang patterns obtainedin fuel-optimal prob-
lems. In a fuel-optimal problem, p, = +1, whereas in the time-
optimal with fuel limitation problem, p, is any scalar.

Flexible Structures
Consider a one-bending-modeflexible structure modeled by

£(1) = Ax(1) + bu(r) (15)
where
0 1 0 0 0
0 0 0 0 1
A=10 0 o T R I
0 0 —? —2tw | b

X rigid body position ]
_ | % | _ | rigid body velocity
= I_x3 J N I_ modal position

Xy modal velocity |
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where w is the structural frequency, ¢ is the damping ratio of the
flexible mode, and b, #0.

The time-optimal control for rest-to-rest motion is to find the
scalar control u(t) subject to the constraints (actuator limits)

lu(@®)] < Uy

tf
f lu(t)|dt = S
0

so that the motion of the system is transferred from an initial rest
state x(0) =[x;9 0 0 0]" to the origin x(t;) =[0 0 0 0]" while
the maneuver time #; is minimized.

We form the Hamiltonian of the augmented system,

and (specified fuel)

Hx,u,p, p.) =1+ pixy + pau + p3xy
+ p4(—w2x3 —2wx, + bl”) + p.lul

and obtain the costate equations

i) = pio

P2(t) = —pirot + P

Piolwa cos(wqt) — S wsin(wyt)]

pﬂt)z%iwt){

+ paow?® sin(a)dt)}

t
pa(t) = %{a)){—mo sin(wyt) + paolwy cos(wqt)
d
+ Cw sin(wy?)]}
p.(t) = p;

where w; =w+/(1 — £2)(0<¢ < 1), for some constants pig, Pao,
D30, Pao, and p,. Therefore, the switching function has the form

pT ()b = c| + ot + exp(Cwt)[cs sin(wyt) + ¢4 cos(wyt)] (16)
where

€1 = P20, €y = —Pio

€3 = bi(=p3o + Swps) /@a, ¢y =bipy
The switching function given in Eq. (16) is a modulated wave con-
tained in an exponential envelope, that is,

exp(¢wt)[c; sin(wyt) + ¢4 cos(w,t)]

and symmetric about the line ¢; + ¢,. The intersection of the hor-
izontal lines p.(t) = p.(p, > 0) and —p, with the curve given by
Eq. (16) indicates multiple crossings over a finite interval of time.
Examination of the orientation of the envelope and the crossings of
the wave with the horizontal lines show that, of all of the possible
optimal command profiles, the ones that lead to optimal controls
u*(t) exhibit regular patterns and have either one of two forms,
which we shall denote case I and case II (as shown in Fig. 1).

Case I
Here

m

() = aly Y [(=DF1 — ty) + (=D 11— 1. )] (D)

k=0

where m is the number of sign reversals of the control, that is, from
+U, to —U, and vice versa, ignoring the off periods, « is the initial
sign of the control, and 1(¢ — 7;) denotes a unit step input applied
at time #;. The control given by Eq. (17) suggests that the optimal

Pt - pltb 3

Py AN, ' 7 T /

: . BRI - u/ ;
R \\ AVAVAVIELEE
Wt W)

U, HIN. Up |

¢ t

-, || U, i

Case I withm =5 Case Il withm=2andn=2

Fig.1 Typical control profile patterns.

control with fuel constraint introduces off periods at the locations
where a switch normally occurs in a bang-bang command without
fuel constraint.

Solving Eq. (15) with the control in Eq. (17), we get the state
equations for 7 > 1y,

X (1) = X109 + X0t

+“TU‘J= Dol = b0 + (=D - tsz]}
k=0

k=0

(1) = X9 +an= Yo [=Dr =)+ (e - mm]}

x3(1) = %{fuﬁ){xm[md cos(wyt) + ¢w sin(wyt)]

. ab U, -
+ x40 sin(wyt)} + 7 ! Z |:(_1)k

k=0

{w, cos[wy(t — 1y)]

. (1 _expl—o(t — 1y)]

Wy

+ ¢wsin[w, (t — fzk)]}) + (=1 !

. (1 _ expl—to(t — tii1)]

{wq cos[wq (t — 1y 11)]

wq
+ ¢wsin[w, (t — ty + 1)]})i| }
x4(t) = M{—xmwz sin(wgt) + xa0lwy cos(wqat)

Wy

—lw sin(a)dt)]} +

b, U, -
“aid - (Z {(=DF expl—¢o(t — )]

k=0

x sinfw, (t — )] + (=D T exp[—¢w(t — tyy1)]

x sinfw, (t — ty + 1)]})

2m

) =Up Y (Dt =S (18)

k=0

where we denote 1y =1,,, + | and assume, without loss of generality,
that t, =0.
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For rest-to-rest motion we setx(0) =[—L 0 0 0]” andx(t;) =
[0 0 0 0]" along with z(0) = —S and z(t;) =0 in Eq. (18) to get

U m
Xl(tf):_L + %{ Z [(_l)k(tf — tZk)z
k=0

+ (=D —mmz]} =0

xalty) = an{ > [t -

k=0

+ (=D —mm]} =0

x3(ty) = al;izUO { Z |:(—1)"(1 _ expl—golty — )]

m
o,
k=0 d

X {wq cos[wy (t; — ty)] + Cwsin[w,(t; — tZk)]})

IS expl—fw(t; —ty1)]
wq

X {wq cos[wy(ty — by 1 )]+ Cwsin[wg (ty — 1y ¢ 1)]})i| } =0

b, U, -
xyli) = == (Z {(=DF expl—to(t; — 1]
d

k=0

x sinfwy(t; — t)]+ (=D T exp[—¢w(t; — tyi1)]

X sin[wq(ty — t2k+l)]}) =0

2m
) =Up Y (Dt —=S=0 (19)
k=0
which can be further simplified to obtain the following constraints
on the switching times:
- 2L
)2 —)kFig2 -
e G e R

0

»
I

NG

[(—DF T 4+ (= Dty ] =0

»
I

0

NG

[(—=D¥ exp(Cwty) cos(wytsy)

»
I

0

+ (=D exp(¢ oty 4 1) cos(@yloy 4 1)] =0

[(—=D* exp(Cwty) sin(wytx)

NG

»
I

0

+ (=D exp(Cwty 4 1) sin(@atai s 1) ] = 0

2m
Up Y (=Dt =S (20)
k=0
In summary, we have formulated the original optimal control prob-
lem as a parameter optimization problem. That is, we want to min-
imize ¢, (or t,, ) subjectto the constraintsin Eq. (20).

Case I1
Here
2m — 1 2m+2n—1
() =aly| Y (=11 —1)+ (—1F 1@ = 1)
k=0 k=2m

2D

where the control given by Eq. (21) consists of a sequence of m
pulses of one sign followed by a sequence of n pulses of the opposite
sign.

Solving Eq. (15) with the control in Eq. (21), we get the state
equations for 7 > 1,

2m—1
aU,
1) = t+ — E —D*(t —1)?
x1(t) = X190 + X0t + 2 {ko( ) ( %)

2m+2n—1
+ Y (—U“'(r—tk)z}
k=2m
2m — 1
x,(t) = X0 +an{ =R - 1)
k=0
2m+2n—1
+ Y (—U“‘(r—tk)}
k=2m
x3(t) = MP@OU% cos(wgt)
. . ab,Uy = k
Lo sin(@qn)] + xio sin, 1) + —= > D
k=0

. (1 _expl—¢w —1)]

wq

{wy cos[w, (t —1,)]

2m 4 2n —1
(_1)k+l
k=2m

+¢wsinfw; (t — fk)]}) +

{wy cos[w, (t —1,)]

. (1 _expl—¢e( —1)]

Wy

+ ¢wsin[wy (t — tk)]})i|

exp(—fwt) {
wq

Xy (t) = —x30a)2 Sil’l((,l)dt) + X490 [a)d cos(a)dt)

b U 2m —1
— twsin(@)]} + “w;do { Z (—=Df exp[—¢w(t — 1)]

k=0
2m+2n—1
x sinfw, (1 — )] + (=D expl—¢o(t —1,)]
k=2m
X sin[wy(t — tk)]}
2m+2n—2
Z(t) = UO (—l)kthrl - S (22)
k=0

where we denote ty =15, ;5,1 and again assume that 7, =0.
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Fig. 2 Switching and maneuver times as a function of specified fuel.

For rest-to-restmotion as defined in case I, we obtain

OlU 2m —1
x(tp) =—L+ TOH ; (—l)k(tf —1)?

2m+2n—1
+ ) <—1>“'<tf—tk>2}=0
k=2m
2m—1
x0(ty) = an= D =D )
k=0
2m+2n—1
+ Y (—1>“'<tf—tk)}=0
k=2m

exp[—Cw(ty — )]

b —
xsli) = == El !Z( 1%( -

x {wq cos[w, (t; — t)] + Swsinfw, (t; — tk)]})

2m +2n—1
+ Z (—1)F+! (1

k=2m

_exp[=fw(t; —1)]
Wy

X {wg cos[wy (ty — ;)] + Cw sin[wy (7 — tk)]}) } =0

m—1
xy(ty) = = !Z( 1) expl—¢a(ty — )] sinlwg(t; — 1,)]
k=0
2m+2n—1
+ > (—1)k+'exp[—;w(tf—tk)]sin[wd(tf—tk)]}=0
k=2m
2m+2n—2
W) =Us ) (=D =S=0 23)

k=0

Again, simplifying the expressions, we can reformulate the problem
as the following constrained optimization problem: Minimize #;
subject to

2m—1 2m+2n—1

Z( DEe2 + Z (—Df 1 =

k=2m

2m—1 2m+2n—1

Z( Dk + Z (1)1, = 0

k=2m

2m—1

Y (=Dfexp(ton) cos(@qty)

k=0

2m+2n—1
+ Y (=D exp(ton) cos(@,t) =0
k=2m

2m—1

> (—Dfexp(en) sin(@qt,)

k=0

2m+2n—1
+ Y (=DFlexpon) sin(@,t) =0
k=2m

2m+2n—2
Up D (-Dftsi=S (24)

k=0

The optimal switching and maneuver times shown in Fig. 2 corre-
spond to case I profiles with three sign reversals (m = 3) and case II
profiles with two positive pulses followed by two negative pulses
(m=2, n=2). In Fig. 2, after S =20.4, the control profiles be-
come time-optimal commands without fuel constraints,and #, =1,
ty =13, tc =15, and thus become bang-bang commands rather than
commands with coast periods. We also remark that case I profiles
are more prevalent when the amount of fuel S is relatively close to
the amount required by a typical time-optimal bang-bang without
fuel constraint. Case II profiles tend to occur as optimal commands
when the amount of fuel is relatively low compared to that of case I.

We observethat the specified fuel formulation of the time-optimal
problem allows appreciable savings in fuel expenditure while in-
curring only a small penalty in maneuver time, especially in case I
profiles. For example, in Fig. 2a, a 22% decrease in fuel (S goes
from 20.4 to 16) incurs a 0.6% increase in maneuver time (7, goes
from 20.4 to 20.52).

In Refs. 12 and 13, case I and case II profiles are referred to
as nonfuel-efficient and fuel-efficient profiles, respectively, due to
the amount of fuel required to perform a prescribed maneuver. The
profiles discussed in Refs. 12 and 13 are largely motivated by com-
mand shaping techniques that are efficient in terms of fuel expen-
diture, and the development of these profiles is based on intuitive
ideas that modify typical time-optimal commands (withoutfuel con-
straints) by introducing coast periods at various places during the
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O w@+=d
g
= =50 1
o
@1 () +as(t)
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Time, ¢

Fig. 3 Optimal control z* and time response: wmodel =15 Cmodel = 0,
L=100,and S =18.

control action. For obvious reasons, fuel-efficient profiles are fa-
vored in Refs. 12 and 13. However, in the present work we have
provided a mathematicaljustification for the existence of both types
of profiles and emphasize that savings in fuel is still viable in case I
profiles while achieving near-optimal maneuver times.

Figure 3 shows typical control and state time histories. In the
example trajectory in Fig. 3, the position is slewed a distance of
L =100 such that the actuator and fuel limits are not exceeded.
After the end of the maneuver, there is no residual vibration if the
system model is accurate.

The parameter optimization problems formulated in Eq. (20) or
Eq. (24), where the parameter ¢, is to be minimized, will provide
solutions that meet the necessary conditions imposed by the bound-
ary constraints. However, these nonlinear parameter optimization
problems are susceptible to local minima. A procedure for testing
the optimality of solutions may be found in Ref. 13.

Properties of Commands for Flexible Structures
In this section, we explore some properties of optimal commands
for rest-to-restmaneuvers of undamped flexible structures. We con-
sider the following lumped parameter model for a flexible structure
with multiple flexible modes and a single actuator:

¥(@) =
[0 1 ] 0]
0 0 1
0 1 0
—w? 0 b,
0 1 0+ |9 u@
—wg 0 by
0 1 0
—w? 0 b,
(25)
with boundary conditions
x0)=[-L 0 0 01"
X(t)=[0 0 --- 0 0] (26)

where r is the number of flexible modes and ¢, is the maneuver
time. In addition, we have the bounded control and specified fuel
constraints given by

lu@®)] < U, 1 €[0,1/] 27

'
/ lu(®)ldt = S (28)
0

respectively. Let us define a new variable z as

z(t) = / lu(r)|dr — S
0

so that
2(t) = u(1)] (29)

If we aggregate the preceding equations in the variable z to the
original model (25) and (26), then the rest-to-rest motion of the
flexible structure with specified fuel is described by the following
augmented model:
[0 1
00

0 1
—w? 0
0 1

() —
*() —w3 0

x(1)

G (30)

0
b,
| sgnfu(®)] ]

where x =[x z]7 is the augmented state vector, along with the
boundary conditions

xO)=[-L 0 - 0 -8

x(t;)=[0 0 0 o] (31)
and subject to the constraintin Eq. (27).

A few properties of the time-optimal control of undamped flexible
structuresas in Eq. (25) have been outlined and proven in Refs. 4-6
when there are no fuel constraints. Here, we demonstrate that similar
properties hold even in the presence of the fuel constraint.

Theorem 1: The time-optimalcontrol u*(¢),t € [0, t;],thatdrives
the system (30) while satisfying(27) and (31) is antisymmetricabout
the midmaneuver time 77 /2, thatis,

w(t) = —u*(tf — 1) (32)

Proofof Theorem 1 : This proofis an extensionof the one provided
in Ref. 4. Here we additionally account for fuel constraints. Let us
define T =17 — 1. Hence,

P o
O = gx0

and if we denote (d/dt)[-] =[], Eq. (30) becomes

X (1) = —x(7), x(7) = —u(t)
¥ () = —xk (o), k=1,...,r
xF (1) = wlxi () — buu(r), k=1,...,r
7(7) = —|u(r)| (33)

We have reformulated the original problem in terms of the new
independent variable t. The problem now consists of finding the
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optimal control u(t) bounded by Eq. (27), 7 € [0, 7], that drives
Eq. (33) and satisfies the boundary conditions

x(@)l—o=10 0 0 o]

xOl,_, =[-L 0 - 0 -S7r (34)
Let ii(t), T € [0, 771, be the optimal control for Egs. (33) and (34),
where 7; denotes the minimum value attained by 7;. Because
Eqgs. (30) and (31) and (33) and (34) constitute the same problem,
we clearly have

Tp=1}, afr ()] = u™ (1) (35)

If we make the change of variables in our original problem

xt)y=x@®+[L O 0 S

the boundary conditions in Eq. (31) become those of Eq. (34) with

opposite sign, that is,

£0)=[0 0 --- 0 01, =L 0 -~ 0 ST
(36)

Because Eq. (30) is still the governingequation for the newly defined
state vector X, the time-optimal solution to this problem remains
u*(1), 1 €10, 171, along with Eq. 7).

Comparing Eq. (30), with x replaced by x, and Eq. (33), we ob-
serve that they are essentially the same governing equations in the
independentvariables ¢ and 7, respectively, with zero initial condi-
tions but with opposite signs for the terminal conditions [compare
Eqgs. (36) and (34)]. By linearity, we conclude that the optimal con-
trols #(-) and u*(-) have the same magnitude with opposite signs,
that is,

afz()] = —u*[r(t)]
and by Eq. (35)
Wi (1) = —uw'fe(t)] = —u* (1} — 1) (37)

This proves the theorem.

Remark: From Theorem 1, two remarks follow:

1) The number of sign reversals m in Eq. (17) must be an odd
number for case I profiles.

2) The number of pulses m and n in Eq. (21) must be equal for
case II profiles.

We will use these remarks and the symmetry property stated in
Theorem 1 to establish the following result.

Lemma: For an undamped one-mode flexible system, of form
(15) with ¢ =0, with boundary conditionsx(0) =[—L 0 0 0]” and
x(t7) =0, the state at the midmaneuver time 7, /2 is given by

x(t;/2) = [-L/2 x(t7/2) 0 xi(t;/2)]" (38)

where x,(t;/2) and x4(t;/2) are any real numbers, provided that
the driving control (17) [or Eq. (21)] satisfies the symmetry prop-
erty of Theorem 1. In addition, the fuel state z at midmaneuver is
z(ty/2) = —S/2, where the boundary conditionsare z(0) = —S and
z(t) = 0, provided that the control satisfies the symmetry property
of Theorem 1.

Proof of Lemma: We only outline the proof that corresponds to
case I, that is, control given by Eq. (17), and omit the detailed
algebraic manipulations.

We can use Eqs. (18) to compute the state at time t =17;/2. Al-
though Eqs. (18) were written for t > 7, these equations are still
valid for t <, if we consider the pulses of the control that are
relevant in the analysis. For the rigid body, atr =,/2,

‘ [m/2] t t
Xz(Ef) =aU, ; |:(—1)k(7f - tzk) + (—I)HI(Ef - t2k+l)i|

which can be any real number, where the notation [m /2] denotes
the largest integer less than or equal to m /2. Also,

[m/2] P 2
x(tp) = —L+aly ) [(—nk(?f - m)

k=0

2
t
+<—1)“‘(3f —f2k+1) } =0

implies that

m 2
1 aly A e
=~ |=-L+—— -l = -1
Xl(z) + 2 (=1 > 2%
k=0
2
t L
_1k+1 _f_t = ——
+(1D (2 U+ 1 >

For the flexible mode, we have that

b U [m/2]
x3(ty) = =2 cos(w%f) % Z {(—1)" cos[w(%f - tZk)i|

k=0

+(_1)k+l COS|:C()(% — t2k+1)i|} =0

and, hence,
m/2]
tf OlblUO l k tf
X';(?) = —7 kgzo (—1) COS| w 7 — by

t
+(—1)"“cos|:w(7f _t2k+l)
t ab, Uy & ) t
x4(?f) = % (=D¥sin| w 7f — Iy
k=0
k+1 o Iy
+(—D*"sin| w > — byg

can be any real number.
Note that the fuel state at midmaneuver time, z(¢;/2) =—5§/2,
follows readily from the symmetry property of Theorem 1.
Theorem 2: For the specified fuel, time-optimal control of
Egs. (30) and (31), along with Eq. (27), the numerical value of
the multiplier correspondingto the fuel state p, is equal to the aug-
mented switching function o (¢) evaluatedat 7 =17 /2, thatis,

o (15 /2) = +p. (39)
where

o) =pT ()b £ p.

and ¢} is the optimal maneuver time.

Proof of Theorem 2: This is an extension of the proof in Ref. 11
to the case with fuel constraint. From the lemma, the rigid-body
position and the kth flexible mode position at midmaneuver time
13 /2 are

x(r5/2) =-L)2,

respectively.
Now consider the optimal control problem

x(t:/2) =0, k=1,....r

tf /2 t
minimize / d¢ or minimize 7
0

with boundary conditions
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x0)=[-L 0 0 --- 0 0 —S7,

Because the position states x,(f;/2) and xg(tf/Z) are fixed, the
velocity states x,(f,/2) and xff (t;/2) are free, and the fuel state
z(ts/2) is fixed, the transversalityconditionrequires that the costate
vector be of the form

[P/ p]=[pit;/2 O pit/2) O pits/2) 0O

Then the switching function for the augmented system evaluated at
midmaneuver time is

1% 1%

/ T _f

Z)=p"(L)o£p, =
(3)-r(G)er

1% 1% 1% 1%
(3) 0 i(3) 0 n3) o (3)

-0
1
0

b,

x | 0

by

0
b,

LUy

and the result follows.

Remark: In a typical time-optimal problem (without fuel con-
straint), the optimal control is bang-bang and the symmetry prop-
erty implies that £ =17 /2 is a switching time and, hence, p, =0
because o (1} /2) = 0. If the specified fuel S is less than the amount
of fuel required by a typical time-optimal maneuver, then p, # 0,
as it should be because t;/2 is not a switching time, because the
optimal control now is of the bang-off-bang type with #7 /2 located
at the center of one of the off periods.

Robustness of Commands

In this section we investigate robustness issues concerning time-
optimal commands with specified fuel. The time-optimal commands
derived from the solutions of the optimization problems (20) or (24)
will meet the desired boundary constraintsfora given set of modeled
parameters, for example, w = w, and ¢ = . It is also clear that at
the end of the maneuver the same boundary constraints cannot be
met with the same control when there is a slight variation in the
modeled parameters as shown in Fig. 4.

For a range about the modeling parameters, the optimal com-
mands tend to be slightly more robust when the amount of fuel is
decreased, as one can infer from examination of the levels of the
weighted residual energy of the modal states (Fig. 5), where the
weighted residual energy is determined as®

£ =5 Do [(0) + ()] (o)

i=1

evaluated at # =1;. Because reducing fuel consumption only in-
creases robustness a small amount and also causes the move time
t; to be increased slightly, it is desirable to have a design procedure
for deriving time-optimal commands that are robust to parameter
variations and yet use a fixed amount of fuel. We also note that opti-
mal commands are less sensitive to variations in damping than they

x(t;/2)=[-L/2 x(t,/2) 0 xj(t;/2) 0 x3(t;/2)

0 Xt/ —5/2]

are to variations in frequency (compare levels of weighted residual
energy in Figs. 5a and 5b).

Similar to the proceduresuggestedin Refs. 7, 8, and 14, one way
to obtain more robust designs is to set the derivatives of the modal

pits/2) 0 p.]

states with respect to the modeling parameters equal to zero at the
end of the maneuver, that is,

9 9
LA B ALY — 1)
dw dw
=1y t=tf
or
9 9
9, oC

1=ty

and use the resulting equationsas additional constraintsin Eqgs. (20)
and (24). Note that Egs. (41) and (42) lead to the same constraint
equations, and hence, robustness with respect to variationsin w will
also lead to robustness with respect to variations in ¢. Therefore,
robust time-optimal commands can be derived from the solutions of
the following constrained optimization problems.

[

o

'
[

Modal position, z3(¢}

!
e~

Modal velocity, z4(¢)

Fig. 4 Modal states under parameter variations; original system de-
signed for wpogel =15 Cmodel = 0.05, L =100, and S = 17. The perturbed
response is the result of parameter variations; here, wyca =1.2.
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=
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a) Variations in frequency b) Variations in damping

Fig.5 Sensitivity to parameter variations where modeled parameters
are Wmodel = 1, Cmndel =0.05,and L =100.
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Casel
Minimize ¢, subject to

. 2L
—1)ks2 + (=1 k+12 —
k§:0[< Vot D] =

m

D LD o+ (=D tyes ] =0
k=0

m

D [~ D expwty) cos(@tz)
P
+ (= D! exp(lwty 1 1) cos(@aty+1)] = 0
) [(—1D)* exp(Cwis) sin(@qtx)
P
+ (=D expl @ty 1) sin(@atys1)] = 0

[(— 1)ty exp( wia) cos(@qty)
—0

=~

+ (=D iy g exp(E oty 4 1) cos(@gty + 1)] =0

m

[(— 1)t exp(§ wiae) sin(watar)
—0

=~

+ (=D iy exp(E oty 4 1) sin(wyly 4 1)] =0

2m
U (=Dftsr =S
k=0

Case II
Minimize ¢, subject to

2m — 1 ‘o 2m+2n —1 ci1n 2L
;( Dfe + k;m 0 =
2m — 1 2m+2n—1
YD+ Y (=D =0
k=0 k=2m
2m—1
D (=D expE o) cos(@at)
k=0
2m+2n—1
+ ) (=D expcon) cos@qt) =0
k=2m
2m—1
Y (—Df expwny) sin(@ati)
k=0
2m+2n—1
+ ) (=D expon) sin(@qt) = 0
k=2m
2m — 1
Y (=Dt expon) cos(@qty)
k=0
2m+2n—1
+ ) (=D expCon) cos(gt) =0
k=2m
2m — 1
Y (=Dt expCon) sin(w,t)
k=0
2m+2n —1
+ D =D expon) sin(@t) =0
k=2m

2m+2n—2
Up D (-Dftsi=S
k=0
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Specified fuel, S

a) b)
Fig.6 Switching and maneuver times as a function of specified fuel for

robust designs: a) wmodel = 1, {moaet =0, and L =100 and b) wmoget = 1,
Cmodel = 0.05, and L =100.

Non-Robust Non-Robust
----- Robust 045 ----- Robust

@~ ©
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Weighted residual energy
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Fig. 7 Sensitivity of robust time-optimal designs to parameter vari-
ations: a) variations in frequency when wpodel =1, Cmodet =0, L =100,
and S =20 and b) variations in damping when wyedel = 1, Cmodel = 0.05,
L =100, and S =20.

Figure 6 shows the robusttime-optimal designs. In comparison with
the results in Fig. 2, we note that the robust designs involve more
switching times and incur a penalty in terms of maneuver times for
the range of fuel considered. For instance, in Fig. 6 the maneuver
times are approximately 9% longer than the non robust maneuver
times of Fig. 2, for example, ¢, increases from 20.52 to 22.46 for
S =16. As mentioned before, case I profiles are optimal when the
amount of fuel S is relatively low compared to that of case I profiles
(as shown in Fig. 6a). Beyond a certain S, these robust designs
become bang-bang commands without coast periods.

We also remark that for undamped systems, the robust time-
optimal designs are not necessarily antisymmetric (see case I in
Fig. 6). In some instances, if the proper multipliers are zero, the
control profiles may be antisymmetric (see case II in Fig. 6), but
this is not the case in general. This can be explicated from the con-
straints in Eqs. (43) or (44). These equations would correspond to
the time-optimal problem of a fictitious system with double poles at
the same location of the poles of the original system (15) (Ref. 8).
As a consequence, the costate equation will include terms of the
form t exp(¢{ wt) cos(wyt) and t exp(¢ wt) sin(wyt) due to the re-
peatedpoles (eigenvalues). The presenceof these terms in the costate
equationreveals that the intersectionof the switching curve with the
horizontallines at & p, may not occur at places that lead to antisym-
metric profiles for undamped systems.

The sensitivitiesof these robustdesigns are presentedin Fig. 7. In
general,robustdesignsimprove insensitivityto parameter variations
aboutmodeled parameters,but may lead to largererrors if the actual
parameters are far from the modeled ones (Fig. 7a).

Conclusions

We have provided a mathematical justification for time-optimal
commands with specified fuel and applied this knowledge to the
control of flexible structures. Open-loop time-optimal controls sub-
ject to fuel constraints were obtained by solving a parameter opti-
mization problem. Symmetry properties of the optimal commands
for undamped flexible structures were established. We have also
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observed that time-optimal designs with fuel constraints are more
sensitiveto frequency variationsthan they are to damping variations,
and the sensitivity to parameter variations is reduced as the amount
of fuel is decreased. A robust time-optimal design procedure has
been discussed to utilize the total fuel at our disposal. These robust
time-optimal controls lead to better designs with a small penalty in
terms of maneuver times, but do not satisfy symmetry properties
even when there is no damping.

Acknowledgments

The authors gratefully acknowledge support from a National
Science Foundation Early Faculty CAREER Award (Grant CMS-
9625086), the Colorado Advanced Software Institute, Storage
Technology Corporation, and an Office of Naval Research Young
Investigator Award (Grant NO0014-97-1-0642).

References

'Book, W. J., “Controlled Motion in an Elastic World,” Journal of
Dynamic Systems, Measurement, and Control, Vol. 115, No. 2, 1993,
pp- 252-261.

2Junkins, J. L., and Kim, Y., Introduction to Dynamics and Control of
Flexible Structures, AIAA Education Series, AIAA, Washington, DC, 1993.

3Kil‘k, D. E., Optimal Control Theory: An Introduction, Prentice-Hall,
Upper Saddle River, NJ, 1970.

4Ben-Asher, J., Burns, J. A., and Cliff, E. M., “Time-Optimal Slewing of
Flexible Spacecraft,” Journal of Guidance, Control, and Dynamics, Vol. 15,
No. 2, 1992, pp. 360-367.

5Pao, L. Y., and Franklin,G. F., “Time-Optimal Control of Flexible Struc-
tures,” Proceedings of the 29th Conference on Decision and Control, Inst.
of Electrical and Electronics Engineers, New York, 1990, pp. 2580, 2581.

6Singh, G., Kabamba, P. T., and McClamroch, N. H., “Planar, Time-
Optimal, Rest-to-Rest Slewing Maneuvers of Flexible Spacecraft,” Journal
of Guidance, Control, and Dynamics, Vol. 12, No. 1, 1989, pp. 71-81.

7Liu, Q., and Wie, B., “Robust Time-Optimal Control of Uncertain Flexi-
ble Spacecraft,” Journal of Guidance, Control, and Dynamics, Vol. 15,No. 3,
1992, pp. 597-604.

8Pao, L. Y., and Singhose, W. E., “Robust Minimum Time Control of
Flexible Structures,” Automatica, Vol. 34, No. 2, 1998, pp. 229-236.

9Pao, L. Y., “Minimum-Time Control Characteristics of Flexible Struc-
tures,” Journal of Guidance, Control, and Dynamics, Vol. 19, No. 1, 1996,
pp. 123-129.

10Singh, T., “Effect of Damping on the Structure of the Time-Optimal
Control Profile,” Journal of Guidance, Control, and Dynamics, Vol. 19,
No. 5, 1996, pp. 1182-1184.

llSingh, T., “Fuel/Time Optimal Control of the Benchmark Problem,”
Journal of Guidance, Control, and Dynamics, Vol. 18,No. 6, 1995, pp. 1225~
1231.

12Singhosc:, W., Bohlke, K., and Seering, W., “Fuel-Efficient Pulse Com-
mand Profiles for Flexible Spacecraft,” Journal of Guidance, Control, and
Dynamics, Vol. 19, No. 4, 1996, pp. 954-960.

13Singhosc:, W., Singh, T., and Seering, W., “On-Off Control with Speci-
fied Fuel Usage,” Journal of Dynamic Systems, Measurement, and Control,
Vol. 121, No. 2, 1999, pp. 206-212.

14 iy, S., and Singh, T., “Robust Time-Optimal Control of Flexible Struc-
tures with Parameter Uncertainty,” Journal of Dynamic Systems, Measure-
ment, and Control, Vol. 119, No. 4, 1997, pp. 743-748.



